On the spectrum of the Dirichlet-to- Neumann operator acting on 

forms of a Euchdean domain* 

S. Raulot and A. Savo 
February 17, 2012 

Abstract 

We compute the whole spectrum of the Dirichlet-to- Neumann operator acting on differen- 
tial p-forms on the unit Euclidean ball. Then, we prove a new upper bound for its first eigen- 
value on a domain J7 in Euclidean space in terms of the isoperimetric ratio Vol(9n)/Vol(fi). 

1 Introduction 

Let {Q"'~^^,g) be an (n -|- l)-dimensional compact and connected Riemannian manifold with 
smooth boundary S. The Dirichlet-to-Neumann operator on functions associates, to each func- 
tion defined on the boundary, the normal derivative of its harmonic extension to il.. More 
precisely, if / € C°°(S), its harmonic extension / is the unique smooth function on satisfying 

J A/ = in n, 
l/ = /onS 

and the Dirichlet-to-Neumann operator is defined by: 

TMf ■= 

■ dN 

where N is the inner unit normal to S. It is a well known result (see [H] for example) that T^^"^ 
is a first order elliptic, non-negative and self-adjoint pseudo-differential operator with discrete 
spectrum 

= Ui^oi^) < i^2,0(f^) < 1^3,q{^) < • • • / OO. 

As is connected, uifl^Q.) = is simple, and its eigenspace consists of the constant functions. 
The first positive eigenvalue has the following variational characterization: 

z.2,o(f^)=inf|%^:/GC-(J7)\{0}, / f = 0\. (1) 



inf {^1^ : / G \ {0}, / = O} 
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The study of the spectrum of T''^^ was initiated by Steklov in [13]. We note that the Dirichlet-to- 
Neumann map is closely related to the problem of determining a complete Riemannian manifold 
with boundary from the Cauchy data of harmonic functions. Indeed, a striking result of Lassas, 
Taylor and Uhlmann [7J states that if the manifold O is real analytic and has dimension at least 
3, then the knowledge of T^^^ determines up to isometry. 

It can be easily seen that the eigenvalues of the Dirichlet-to-Neumann map of the unit ball B""*"^ 
in R""*"^ are u^fl = k, with A; = 0, 1, 2, ... and the corresponding eigenspace is given by the vector 
space of homogeneous harmonic polynomials of degree k restricted to the sphere 3B""'"^. 



1.1 The Dirichlet-to-Neumann operator on forms 

In [9], we extend the definition of the Dirichlet-to-Neumann map T'^^ acting on functions to an 
operator T^^^ acting on hP(Yi), the vector bundle of differential p- forms of S = dVl for < p < n. 
This is done as follows. Let uhe a. form of degree p on E, with p = 0, 1, . . . , n. Then there exists 
a unique p-form a) on such that: 

AtD = 

J*u) = uj, ij\fuj = 0. 

Here A = d6 + 6d is the Hodge Laplacian acting on A^'(il) (the bundle of p-forms on Q) 
J* : A^(ri) —7- A^(S) is the restriction map and is the interior product of Q with the inner 
unit normal vector field A^. The existence and uniqueness of the form tD (called the harmonic 
tangential extension of u) is proved, for example, in Schwarz [llj. We let: 

T^P^uj = —i]\fd(jj. 

Then : AP(S) ^ AP{Y.) defines a linear operator, the (absolute) Dirichlet-to-Neumann 
operator, which reduces to the classical Dirichlet-to-Neumann operator acting on functions 
when p = 0. We proved in [9j that T'^I is an elliptic self-adjoint and non-negative pseudo- 
differential operator, with discrete spectrum 

< i^i,pi^) < i^2A^) < ■■■ 

tending to infinity. Note that z^i^p(r2) can in fact be zero: it is not difficult to prove that KerTW 
is isomorphic to HP{Q), the p-th absolute de Rham cohomology space of 0, with real coefficients. 

The operator belongs to a family of operators first considered by G. Carron in [2]. Other 
Dirichlet-to-Neumann operators acting on differential forms, but different from ours, were in- 
troduced by Joshi and Lionheart in |6], and Belishev and Sharafutdinov in [1]. In fact, our 
operator T'^I appears in a certain matrix decomposition of the Joshi and Lionheart operator 
(see [9] for complete references). However, one advantage of our operator is its self-adjointness, 
which permits to study its spectral and variational properties. In particular one has (see [S]): 

1^1 p(n) = inf I : oj G AP(n) \ {0}, iNOJ = on s|. (2) 
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For p = 0, . . . ,n, we also have a dual operator t]^' : A^{Q) — )• A^(rj) with eigenvalues i^^p{^) = 
i^k,n-pi^) (for its definition, we refer to [5]). Here we just want to observe that: 

u^jn) = inf \ : LJ € AP+\n) \ {0}, J^o; = on s|. (3) 

In [9], we obtained sharp upper and lower bounds of i'i^p{Q) in terms of the extrinsic geometry 
of its boundary: let us briefiy explain the main lower bound. 

Fix x G S and consider the principal curvatures r]i{x), . . . , r]n{x) of E at x; if p = 1, . . . , n and 
1 < ji < • • • < < n is a multi-index, we call the number rjj-^ (x) + • • • + rjj^^x) a p-curvature of 
S. We set: 

cjp(x) = mf{r]j^{x) H h rjj^ix) : 1 < ji < ■ ■ ■ < jp < n} 

(Jp(Ti) = inf{(Tp(x) : X G S} 

and say that S is p-convex if o'p(S) > that is, if all p-curvatures of S are non-negative. For 
example S is 1-convex if and only if it is convex in the usual sense, and it is n-convex if and 
only if it is mean-convex (that is, it has non- negative mean curvature everywhere). 
We then proved that for a compact domain J7 in R""*"^ with p-convex boundary, one has 

u,,p{n) > J^^^^p(s) (4) 

for < p < ^ and 

i^i,pm > (5) 
p 

for (n + l)/2 < p < n. The inequality ^ is never sharp, but ([5]) is sharp for Euclidean balls 
and actually equality characterizes the ball when p > (n + l)/2. For all this, and for similar 
inequalities in Riemannian manifolds we refer to |9]. 

In this paper we continue the study of the spectral properties of T^. Namely: 

• We compute the whole spectrum of T'^I and describe its eigenforms on the unit ball in R"+^. 

• We give a sharp upper bound for the first eigenvalue of T'*'! on Euclidean domains, in terms 

r , ■ ■ ■ ■ Vol(S) 

oi the isoperimetric ratio — -. 

Vol(U) 

It is perhaps worth noticing that in dimension 3 we have the following interpretation of ^ and 
([3]) in terms of vector fields. If $7 is a bounded domain in R^, then for all vector fields X on Cl 
which are tangent to the boundary S one has: 

j (^IdivXp + IcurlXp) > z^i,i(f^) j \X\'^, (6) 

with equality iff X is harmonic and its dual 1-form restricts to an eigenform of T^^l associated 
to i^i^i(r2). Recall that, on a three dimensional Riemannian manifold, the curl of a vector field 
X is the vector field defined by 

cur IX ={i.dX^y 
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where " denotes the musical isomorphism between the tangent space and the cotangent space. 
Combining ([6]) with the estimate ^ gives, for all Euclidean domains with convex boundary: 



j (^[divXp + IcurlXp) > j l^p, 



(7) 



where X is any vector field tangent to S and cri(f^) is a lower bound of the principal curvatures of 
E. As a by-product of the calculation in Section[TT2l we will see that ([7]) is almost sharp, because 
for all vector fields on the unit ball (tangent to the boundary) we have the sharp inequality 

f |divX|2 + IcurlXp) >l [ (8) 

B3 ^ / 3 JdB3 



(for the description of the minimizing vector fields for the inequality ([8]) we refer to Section 12. 2p . 
Similarly, let X be a vector field on a Euclidean domain fl which is normal to the boundary. 
Then: 

J (|divX|2 + IcurlXp) > 1/1,2(17) J (9) 

with equality iff X is harmonic and the Hodge-star of its dual 1-form restricts to an eigenform 
of T^^l associated to i'i^2{^)- Using ([5]), we see that, if S is mean-convex: 

[divXp + IcurlXp) > ^cr2(S) j [Xp. (10) 

Note that <T2(S) = 2H, where H is a lower bound of the mean curvature of S. In this situation, 
our inequality is sharp and is an equality if and only if $7 is a ball in R'^ , in which case the lower 
bound is 3, and X is a multiple of the radial vector field (see Section [2.2|) . 

We end this discussion by remarking that inequalities ^ and (fTO|) continue to be true for all 
bounded domains in three-dimensional Riemannian manifolds with non-negative Ricci curvature. 

1.2 The spectrum of T^^] on the unit Euchdean ball in R"+^ 

In this section we compute the spectrum of T^^l on the unit ball B"^"^ in R"^"^. 

Let A (resp. A) denote the Hodge Laplacian acting on p-forms of S" (resp. R"+^). It will turn 
out that A and T^pI have the same eigenspaces: so we describe in details the eigenspaces of A. 

We start from the case p = 0, which is classical. The operator A is simply the Laplacian on 
functions, and it is a well-known fact that its eigenfunctions are restrictions to S" of homogeneous 
polynomial harmonic functions on R"^^. Precisely, let Pkfi be the vector space of all polynomial 
functions on R"+^ of homogeneous degree k, where /c = 0, 1, 2, . . . , and set: 

Hk,o = {/ e Pfc,o : A/ = 0}. 

Then the spectrum of A acting on functions of S" is given by the eigenvalues 

t^lo = Hn + k-l), k = 0,1,2,..., 

with multiplicity M^, q = dim(//fc q) and associated eigenspace J*{Hkfi). 
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Now fix an eigenfunction / € J*{Hkfi) so tliat, by assumption, its harmonic extension / is a 
harmonic polynomial of homogeneous degree k. It is very easy to see that T^^^f = kf: so, / is 
also a Dirichlet-to-Neumann eigenfunction associated to the eigenvalue k. A standard density 
argument shows that these are all possible eigenvalues of T^^^ . Therefore we have the following 
well-known result: 

Theorem 1. The spectrum of the Dirichlet-to-Neumann operator T^*^! on the unit ball in R""*"-*^ 
consists of the eigenvalues v'Iq = k, where k = 0,1,2,..., each with multiplicity M^fi = 
dim{Hkfi) and associated eigenspace J*{Hkfi)- 

Now assume p = 1, . . . , n. The calculation of the spectrum of the Hodge Laplacian on the sphere 
was first done in [3|. We follow the exposition in 

As the Hodge Laplacian commutes with both the differential and the codifferential, it preserves 
closed (resp. co-closed) p-forms. Moreover, any exact eigenform is the differential of a co-exact 
eigenform associated to the same eigenvalue. In the following, we denote by p} (resp. {/i^'p}) 
the spectrum of the Hodge Laplacian restricted to closed (resp. co-closed) p- forms on the sphere 
S". 

We can write a p-form on R*^^^ as: 

^= ^ u)i^,„ipdxi^ A-- - Adxip 

il<-<ip 

and we say that uj is polynomial if each component uJi^,,,i^ is a polynomial function. 

Now let Pfc p be the vector space of polynomial p-forms of homogeneous degree A: > on R""*"^ 
and set: 

' Hk,p = {w G Pk,p : Aw = 0, (5w = 0}, 
< p = {w G Ffc,p : = 0} 
. H'l^p = {w € Hk,p : izo; = 0} 

where Z is the radial vector field Z = r-^ = X]j=i a§"- On the boundary, Z = —N. It turns 
out that Hk^p = H'f^p ® ^kp d : H'^^ -ff^.ip+i is a linear isomorphism for all k >\. We 
set 

Mfc,p = dim(F^'^p) 

(this number can be computed by representation theory, see Theorem 6.8 in [3]). 

By the Hodge-de Rham decomposition, any Hodge-Laplace eigenspace splits into the direct sum 
of its co-exact, exact and harmonic parts. But in the range 1 <p <n the only harmonic forms 
occur in degree p = n, and are multiples of the volume form of S". Moreover, for p = n the co- 
exact part is reduced to zero. Then, there is a spectral resolution of L^(A*'(S")) which consists 
of the following three types of Hodge-Laplace eigenforms: 1 < p < n — 1 and the eigenform is 
co-exact; 1 < p < n and the eigenform ^ is exact; p = n and ^ is a multiple of the volume form 
of S". Correspondingly, we have the following three families of eigenvalues (see [1]): 

• Ifl<p<n — 1 and ^ is co-exact the associated eigenvalues are given by the family 

l^lp = ik+p){n + k-p-l) A: = 1,2,... 
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with associated eigenspace J*{H'^^ and multiphcity Mk^p. 

• If 1 < p < n and ^ is exact the associated eigenvalues are given by the family 

^J''k,p = + p - l){n + k - p) A; = 1,2,... 
with associated eigenspace J*{H'^,_^^) and multiplicity Mk^p-i- 

• If p = n and ^ is the volume form of S" we have the associated eigenvalue = 0. 

In conclusion, eigenforms of the Hodge Laplacian are suitable restrictions to S" of harmonic, 
co-closed polynomial forms. 

In Section 12.11 we will prove that any Hodge-Laplace eigenform of S" is also a Dirichlet-to- 
Neumann eigenform (associated to a different eigenvalue). This will imply the following calcu- 
lations. 

Theorem 2. Let 1 < p < n — \. The spectrum of the Dirichlet-to- Neumann operator T^^ on 
the unit ball ofHJ^^^ is given by the following two families of eigenvalues {i^^'p}, {^kp} indexed 
by a positive integer k = 1,2, . . . : 



v'lp = k + p with multiplicity M^-p 
n + 2k + l 
'n + 2A; - 1 



^kp~ [k + p — 1) — ^—^^^ with multiplicity Mfc p_i. 



The eigenspace associated to i^'^^ is J^iH^p) and consists of co-exact forms. The eigenspace 
associated to u'j^^ is J*{H'i^_^p) and consists of exact forms. 

In degree p = n: 

Theorem 3. The spectrum of the Dirichlet-to-Neumann operator T^"! on the unit ball of R""'"-'^ 
consists of the eigenvalues: 

T^'ln = n+l, 

with multiplicity one (the associated eigenspace being spanned by the volume form ofS"") and, 
for k > 1: 

(i.^ ,^n + 2k + l 
-Kn = {k + n-l)^^^^_^, 

with multiplicity M^^n-i and associated eigenspace J*{H'j^_^^). 

From this result we deduce that the lowest eigenvalue of T'"] is vi^n = n + 1 with multiplicity 
one for n > 2 and three for n = 1. Indeed, in this last situation, we have = 1^21 = 2 and the 
corresponding eigenspace is spanned by the the volume form v of S^, dx and dy where d denotes 
the differential on S^. From the above results we obtain: 

Corollary 4. If vi^p denotes the first eigenvalue of T^'p^ on the unit ball in R""*"^, then: 



< 



n+3 n+1 
— —p if 1<P< -^r— 
n+1 1 

n+1 

p-\-l if < p < n. 
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The proof of Theorems [2] and [3] splits into two parts. In a first step (see Lemma [6] and [8]) , we 
compute the expression of the Hodge Laplacian on p-forms for rotationally symmetric manifolds. 
Then in Section [2] we apply these computations to construct the tangential harmonic extension 
to the unit ball of any p-eigenform of the Hodge Laplacian on S" = SB""''^. 

1.3 A sharp upper bound by the isoperimetric ratio 

As shown in [9], the existence of a parallel p-form implies upper bounds of the Dirichlet-to- 
Neumann eigenvalues by the isoperimetric ratio . These bounds are never sharp, unless 

p = n. In that case one has, for any (n + l)-dimensional Riemannian domain fi: 



which is sharp for Euclidean balls. The proof of is easily obtained by applying the min-max 
principle ([2]) to the test n-form u = -kdE, where E is the mean-exit time function, solution of 
the problem 

i AE=1 onn, 
[ ^ = on S. 

If is a Euclidean domain and equality holds in (jlip . then a famous result of Serrin implies 
that is a ball. The equality case for general Riemannian domains is an open (and interesting) 
problem. 

In this paper we generalize inequality (jlip to any degree p = 0, . . . , n when Q is a Euclidean 
domain; in the range p > (n + l)/2 the estimate is sharp and it also turns out that the ball is 
the unique maximizer. Namely, we prove: 

Theorem 5. Let Q be a domain in R""*"^ and p = 1, . . . ,n. Then: 

< ;7^volM' 

Equality holds iff p > (n + l)/2 and Q is a Euclidean ball. 

We note that the corresponding inequality for the first positive eigenvalue of the Dirichlet-to- 
Neumann operator on functions: 

, (OX 1 

has been recently proved by Bias and Makhoul in [5], but their approach does not extend to 
higher degrees. 



7 



2 The Dirichlet-to-Neumann spectrum of the unit EucUdean 
ball 

We first give an expression of tiie Hodge Laplacian on the unit ball B"^^ in R"^^. Note that 
B""''-'^ = [0, 1] X S" with the metric dr'^ © r'^ds'^, where ds'^ is the canonical metric on S". 

We consider p-forms on the ball B"+^ of the following type: 

uj{r, x) = Q{r)S,{x) + P{r)dr A rj{x), 

where r] £ A^~^(S"),^ E AP(S"), and P,Q are smooth functions on (0,1). We will write for 
short 

u) = Q^ + Pdr ^ r]. (13) 

Then we have: 

Lemma 6. Let d and 6 denote, respectively, the differential and the co- differential acting on 
S". Let uj be a p- form as in (|13p . then: 

Auj = LOi + dr A UJ2, 

where: 

cji = - [Q ^ Q i d-q, 

Px f T^i n-2p + 2\' 2(5- 
UJ2 = —At] -{P' + P rj - -16^. 

For the proof, we refer to Lemma [8] in Section 12. 3i 
2.1 Proof of Theorems [2] and H 

It is enough to show that any Hodge-Laplace eigenform of S" is also a Dirichlet-to-Neumann 
eigenform, associated to one of the eigenvalues v', „ or v'J^ of Theorems [2] and [3l In fact, as the 
direct sum of all the Hodge-Laplace eigenspaces is dense in L^(Ap(S")), the list of Dirichlet-to- 
Neumann eigenvalues we have just found is complete, and the theorems follow. 

We now use the classification of the eigenspaces of the Hodge Laplacian done in Section 11.21 It 
is then enough to prove the following: 

Proposition 7. 

a) Assume 1 < p < n — 1, and let ^ he a co- exact Hodge p- eigenform on S" associated to 

lJ'lp = ik+p)in + k-p-l) 
for some k > 1. Then £, is also a Dirichlet-to-Neumann eigenform associated to the eigenvalue 

^k,v = k+p. 
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b) Assume p = n and let ^ he a multiple of the volume form of S". Then ^ is also a Dirichlet- 
to-Neumann eigenform associated to the eigenvalue v'^^ = n + 1. 

c) Assume 1 < p < n and let ^ be an exact Hodge-Laplace p-eigenform associated to 

l^'k,p = {k+p- l)(n + k-p) 
for some k > 1. Then £, is also a Dirichlet-to-Neumann p-eigenform associated to 

n + 2A; + 1 



^'k.p = {k + p-l) 



n + 2k-l' 



For the proof, we explicitly determine in all three cases the tangential harmonic extension of ^ 
using Lemma [6l 

Proof of a) Let us compute the tangential harmonic extension ^ of ^. We let ^ = with 
Q = to be determined so that A,^ = 0. Note that i^vC = 0; moreover J*^ = ^ whenever 
(5(1) = 1. As ?? = = Lemma [6] gives 



hence is harmonic if Q{r) satisfies: 

r^Q" + {n- 2p)rQ' - f^l^Q = 0. (14) 

It is straightforward to check that a solution (at least C^) on [0, 1] is given by Q{r) = r'^^^. The 
tangential harmonic extension of ^ to the ball is then: 

Recall that, by definition, rW(0 = -iNdt Now: 

d^= r^+Pd^ +{k + p^+P'^dr A 
On the boundary we have r = 1 and dr(N) = — 1, then: 

i^dC = -{k+p)i 

so that 

T^p\^) = {k + p)i 

as asserted. 

Proof of b) Note that ^ is co-closed and the associated Hodge-Laplace eigenvalue is = 0. 

Proceeding as in a), one finds that the tangential harmonic extension of ^ is ^ = r"""*"^^ and 
therefore rN(^) = {n + 1)^. 

Proof of c) We first observe that a Hodge-Laplace exact p-eigenform ^ associated to ^'^ ^ is the 
differential of a co-exact (p — l)-eigenform (f), associated to the same eigenvalue pt-'l.p_i = fJ-'f.p- 

e = #. 
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From Lemma [6l we see that the p-form Q d(j) + Pdr A(j) is harmonic iff: 



filp_,{rP-2Q)=r^P' + 



^, n-2p + 2 



P 



d,_,Q - 2rP = ( Q" + ^^Q' ] . 



(15) 



We observe that, by part a) of the proposition, the {p — l)-form 4> is an eigenform for T^p ^'^ 
associated to = k + p — 1 (note that if p = 1 this fact follows directly from Theorem [T]). 

Now consider the p-form: 



where: 



The p-form rj satisfies: 



0!k,p — „ 



Af] = 



n + k — p 



where the harmonicity follows from (jl5p by taking: 

P{r) = Q{r) = ak^^P^'. 

Now let (j) be the harmonic tangential extension of (p, that is: 

J A^= 

[ J*(/) = (f>, i^cf) = 0. 
As (j) is an eigenform for r'^^^l associated to one has: 

J A# = 

J*d<j) = d(f), i]\fd(f) = —I'k^p-ift)- 



From ()16p and (jlSp one sees that the form 



T] satisfies: 



J AtD = 

1 J*uj = (ofc^p + l)d(j), iATo; = 0. 
From the definition of T'^I , we have: 

rt^^((afc,p + 1)#) = -iNdQ. 

Now: 

dQ = dJ]= {i^'lp.i + ak,p{k +P+ l))r''+Pdr A 



(16) 



(17) 



(18) 
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and, restricted to the boundary: 

iNdio = - + afe,p(/c + P+1) 

This means that 

rW((afe,p + l)d4>) = + ak^p{k+p+ 

and so = d(f) is a Dirichlet-to-Neumann eigenform associated to the eigenvalue 



// 

k,p- 



(k+p-l)- 



(^k,p + 1 n + 2k — 1 

as asserted. 

This ends the proof of the proposition. 

2.2 On a variational problem for vector fields 

Recah the variational problems defined in ([6]) and ([9]). Let be the unit ball in R^. As a 
consequence of Corollary H] we have that, for any vector field X on tangent to 5B^ = S^: 

IdivXp + IcurlXp) >- [ (19) 

because z^i^i(B^) = u'^ = |. Let us describe the minimizing vector fields. The eigenspace 

associated to iy[ ^ is 3-dimensional, spanned by dtp, where i;^ is a linear function on R'^. Hence 
the vector field X attains equality in ()19p iff it is dual to the harmonic tangential extension of 
d(p. Take for example 4> = xi. As a consequence of the calculation done in the previous section, 
we see that the harmonic tangential extension of dxi to the unit ball in R'^ is, in rectangular 
coordinates: 

^ = (2 — 2x\ + x'\ + x'\)dxi — 'ixiX2dx2 — 8x1X3^x3. 

Note that is a polynomial (not homogeneous) 1-form. The dual vector field 

d d d 

X = {2-2x1 + xl + ^3)^ - 3xiX2^ - 3xiX3 — 



is then a minimizer for the variational problem ()19p . 

On the other hand, as i/i^2(B^) = i''^2(^^) — 3, one sees that, for any vector field normal to 
we have: 

j (^|divX|2 + IcurlXp) > 3 ^ (20) 

Now 1^12 is simple and is spanned by the volume form t) of S^. The tangential harmonic extension 
of V to the unit ball is 

V = xidx2 A dxs + X2dx3 A dxi + x^dxi A dx2- 

The space of minimizing vector fields for (|2Up is then one-dimensional, spanned by the dual of 
•kv, that is, by the radial vector field 

d d d 

^ = ^ h 2:3- — . 

0x1 0x2 0x3 
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2.3 Proof of Lemma [6] 

Assume that (M"+^g) is a rotationally symmetric manifold, that is 

M"+i = [0,C50) X S", 
endowed with the Riemannian metric 

g = dr^ ® e{rfdsl, 

where ds^ is the canonical metric on S" and is a smooth positive function on (0,00). Of 
course, one gets the space form of curvature —1,0,1 when 6 = sinhr, r, sin r, respectively. To 
prove Lemma [6] we will take 6{r) = r. In this setting, any p-form can be split into its tangential 
and normal components: 

UJ = (jJi + dr A UJ2, 

where coi and ljJ2 are forms of degrees p and p — 1, respectively. We assume that we can separate 
the variables, that is: 

ui{r,x) = Q{r)C{x), uj2ir,x) = P{r)ri{x), 
where ^ G AP(S"), r] S Ap~^(S") and P, Q are radial functions so that 

oj = QS, + dr A {Prf). 



2.3.1 A suitable orthonormal frame 

Fix a point (r, x) G M with r S R and x G S" and let [Ei, . . . ,En) be an orthonormal frame 
on the sphere which is geodesic at x for the canonical metric ds^. If we set Z = d/dr and 
Ej = 0~^Ej for 1 < J < n, it is obvious that the frame {Z,Ei, . . . ,En) is (7-orthonormal. From 
the Koszul formula, we compute: 

VE.Ek = -SjkjZ, Ve,Z = jEj, VzEj = 0, VzZ = (21) 

where V denotes the Levi-Civita connection on {M,g). In particular, we have V EjEk = if 
j k and 

'^E,E, = -^-Z, J2'^E,Ej = -J-Z. (22) 



2.3.2 Computing the divergence and the differential 

In this part, we first compute the divergence of a p-form using the orthonormal frame of the 
previous section. If u; is a p-form on M, then from the definition of the divergence and using 
the relations ()21|) and (|22p . we have: 



Suj{Ei, . . . , Ep-i) — — ^ Ej ■ u){Ej,Ei, . . . , Ep-i) — Z ■ io{Z, Ei,. . . , Ep^i] 

9' 

-{n-p + l)—uj{Z,Ei, . . . ,-E'p-i) 
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and 

n 

5uj{Z^Ei, . . . , = ^-^j ■ oj{Z, Ej, El, . . . , Ep^2)- 

j=i 

Let (/> be a p-form on S". As the frame (Ei, . . . , En) of S is geodesic at the point x € S and the 
function (f)(Ej-^, . . . , Ej^) is constant in the r-direction for any choice of ji, . . . ,jp, we have: 

n ^ 

Ej ■ ^{E,,Ei, Ep_i) = -^d<P{Ei, Ep_i) 

i=i 

6' 

^ Z ■ (t>{Ei, ...,Ep) = -pj4>{Ei, ...,Ep) 

Since the vectors Ei,...,Ep can be replaced by any set of tangential vectors in the chosen 
frame, a straightforward calculation using the above equations shows that, for tj G AP~^(S") 
and C G Af(S"): 



P _ 

6{dr A {Pr])) = dr A {--^7767]) 

mi) = pi- 



P' + {n-2p + 2)-P 



V 



(23) 



(24) 



For the differential, it is clear that we directly have: 

J d{dr A (Pr/)) = -dr A {Pdr]) 
[ d{QO = drA {Q'O + Qdi. 

At this point, using ()23p and ()24p . one proves, after some standard work: 
Lemma 8. Let uj = Q( + Pdr A r? where r] G AP-i(S") anrf ^ G AP(S"). T/ien; 

Acj = LOi + dr A UJ2, 

where: 

= pi - [Q" + {n- 2p)jQ')C - 2jPdri 

U2 = pv - {P' + in-2p + 2)^P)'r? - 2Qpi. 
To prove Lemma [6l we now set 9{r) = r. 

Remark 9. Let be the geodesic ball of radius R centered at the pole of a rotationally 
symmetric manifold, that is Bjj = {{r,x) G [0, 00) x S" : r < R}. One can construct eigenforms 
of the Dirichlet-to-Neumann operator on Bpi by solving ordinary differential equations. 

For example, one sees from the above expression of the Laplacian that the harmonic tangential 
extension of a co-closed eigenform ^ G AP(S") for the Hodge Laplacian on the sphere associated 
with fi'lp is given by ^ = Q^, where Q{r) is the smooth function satisfying: 



1 

Qn-2p 

Q{R) 



1. 



02 
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It follows directly from the definition that then 



<p = Q'iR) 

is an eigenvalue of T^^^ . 

Now take p = n. Then, the only possible value of /x^ ^ is zero, corresponding to the volume form 
of S", which is parallel hence harmonic. In that case the previous equation reduces to 



^e-^Q') =0, 

hence, up to multiples, Q'{r) = 9^{r). Then: 



is an eigenvalue for the Dirichlet-to-Neumann operator on n-forms. 

In [9] we called a domain $7 harmonic if the mean-exit time function E Q, solution of the 
problem (|12p . has constant normal derivative on S: we then observed that for a harmonic domain 
Vol(S)/Vol(r2) is always an eigenvalue of T["1. A geodesic ball B^, being rotationally invariant, 
is a harmonic domain because the function E is also rotationally invariant. Therefore the above 
result ([25]) is not a surprise. 



3 Proof of Theorem [5] 

Let be a Riemannian domain with smooth boundary S and inner unit normal vector field A^. 
Consider the shape operator of S, defined by S{X) = —Vx^ for all X G TS. Then S can be 
extended to a self-adjoint operator S"'^' acting on p-forms of S by the rule: 

p 

5W(a;)(Xi,...,Xp) = ^^(Xi,...,S(X,),...,Xp), 
for all oj G AP(S) and for all vectors Xi, . . . ,Xp S TS. 

Let (ei, . . . ,en) be an orthonormal basis of principal directions, so that S{ej) = r]jej for all j, 
where r/i, . . . ,r/„ are the principal curvatures of S. Then, for any multi-index 1 < ji < • • • < 

jp < n one has 

S^P^ (a;)(eji , . . . , J = (r/ji + • • • + r]j^)uj{ej^ , . . . , e^J. 
In particular, if cj is an n-form: 

where H is the mean curvature of S. 

For later use we observe that, if ^ is a p-form on $7 and LtvC = di]\fS^ + in^^, is its Lie derivative 
along A^, then it follows directly from the definitions that, on E, one has (see for example Lemma 
18 in [8]): 

J^(L^e) = J^(Vive)-5'"kn)- (26) 
The proof of Theorem [5] is based on the following estimates. 
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Proposition 10. Let ^ he an exact parallel p-form on il., with p = 1, . . . ,n. If p = 1, then 

^2,o(^^) / ICP < / Ntv^I'. (27) 
Jn JT. 

and if p = 2, . . . ,n: 

/ lep < / \iNC\^. (28) 

Jn JT. 

Moreover, if equality holds in (|27p or (j28|) , then: 

where v = 1^2, o(^) when p = 1 and v = i'i^p-i{Q) when p > 2. 

Proof. Inequalities ()27p and ()28p were proved in [9J and hold, more generally, only assuming 
that ^ is exact and satisfies d^ = 6£, = on 0,. Let us recall the main argument. As ^ is exact, 
there exists a unique co-exact (p — l)-form 9, called the canonical primitive of ^, satisfying: 

dO = ^ on fi, 
i^O = on S. 

When p = 1, we take 9 as the unique primitive of such that j^9 = 

We now take 9 as test [p — l)-form in the min-max principles ([1]) and ([2|) and the inequalities 
(j27p and (j28p follow after some easy work (see [9J). Now assume that equality holds: then 9 is 
an eigenform associated to so that iNd9 = —vJ*9. This means: 

ij^^ = -uJ*9 

on S. Differentiating on S one gets d^i]\j^ = —uJ*^, and in turn, as ^ is closed: 
As ^ is parallel, ()26p gives 

J*{LnO = -5*^(7*0 and then the assertion follows. □ 

We can now give the proof of Theorem [5l We can assume that p < n — 1: in fact, the assertion 
for p = n is a direct consequence of Theorem 5 and Corollary 6 in [9] . 

Let V be the family of unit length parallel vector fields on R"'^^: then V is naturally identified 
with S" . For Vi, . . . ,Vp € P consider the parallel p-form 

^ = V-^ A--- AV* 

where V^* denotes the dual 1-form of Vj. Note that Vj' is the differential of a linear function, so 
^ is also exact. Then, denoting by u the eigenvalue as in Proposition 110^ we have from (j27p and 
(EHl) 

^ / leP < / \iN^\'. (29) 
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We wish to integrate this inequahty over ah {Vi, . . . , Vp) G (S")^. To that end, we introduce on 
V = S" the measure: 



Vol(S^ 

where ds^ is the canonical measure on S". The normaUzation is chosen so that, at each point 
X € R""*"^, and for all tangent vectors X,Y at x one has: 

{V,X){V,Y)dij{V) = {X,Y). (30) 

A straightforward calculation using ()30p (explicitly done in Lemma 2.1 of [TO]) then gives, at 
each point of Q (respectively, of S): 

1^1* A • • • A V;\^dfi{Vi) . . . dfi{Vp) =pl('^^^ 
{S")p V P 

\iN{V,'' A • • • A V;)\^dfi{Vi) . . . dfi{Vp) =p\( \. 

We now integrate both sides of ([29]) with respect to (Vi, . . . , Vp) G (S")^. If p = 1 we get: 

1 Vol(S) 

and if j» = 2, . . . , n we get: 

P Vol(S) 

which, after replacing p by p + 1, are the inequalities stated in the theorem. 

We now discuss the equality case. If equality holds then, from Proposition [TOl we see that 

s^^\ri) = vri (31) 

for all such ^ = V* A • • • A V* . Fix a point x G S and an orthonormal frame (ei, . . . ,e„) of 
principal directions at x. Fix a multi-index ji < ■ • • < jp and choose: 

Vi = ej„...,Vp = ej^. 

At X, one has J*i{ej^, . . . , Cj^) = 1 and then, by the definition of 5^^': 

5W(J^e)(e,i, . . . , e,g = ry,,(x) + • • • + r?,^(x), 

the corresponding p-curvature at x. From ()3ip we then get: 

v = r]j^{x) + ---+r]j^{x). 

This holds for all multi-indices ji < ■ ■ ■ < jp and for all G S: hence, all p-curvatures are 
constant on S, and equal to i'. If p < n, this immediately implies that S is totally umbilical, 
hence it is a sphere. If p = n, we have that the mean curvature of S is constant; by the 
well-known Alexandrov theorem S is, again, a sphere. 

Finally, from Theorem [21 we have that if 17 is a ball, then equality holds for 1^2,0 and for z^i,p-i 
provided that p — 1 > (n -|- l)/2. The proof is complete. 
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